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Abstract A nonparametric identification method for linear systems is pro- P ( f ) Q( f )
posed. The identificaton is done via synchronized multisine measurements — A(f )
where the synchronization is ensured by a resonator based generator — ob-

server pair. The advantage of the proposed structure is that it works as a

filter bank and provides the measurement results on-line. Exponential av- Fig. 1. The system to be identified
eraging is an option of the method and it requires no extra calculations. A

further advantage is that the identification can be done over any frequency

set without any loss of performance. Explicit formulas are given for noisegection |1, recalls the identification problem and the resonator

suppression and settling time. The method is illustrated by a practical exanB d ob Section III. i d h based

ple. based observer. ectlo_n . mtro_uc_:es_t e resonator base
identification and a detailed analysis is given. Real measure-

ment data are provided in section IV., while section V. is the
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onator based observer, on-line measurement
II. PRELIMINARIES

I. INTRODUCTION
A. Non-parametric frequency domain identification of linear

Fourier analysis is a well-known method for non-parametric systems

frequency domain identification of linear systems [1]. Frey o 4( ) pe a linear, time-invariant discrete time system as it
quency domain d_gta are often inputs for_ parametric identifi depicted in Fig. 1, wher®(f) andQ(f) denote the Fourier
cation [2]. The utilization of multisine excitation provides thetransform of the input and the output signal, respectively. The

possibility of the elimination of the systematic errors like 'eak'non-parametric frequency domain identificationff) is the

age and picket fence [3]. In most cases the output of the Systeliimation of its samples over a finite setfaf[1]:
is analyzed by the discrete Fourier transform (DFT), while the

frequency domain parameters of the excitation are known in - _ P(fx)

advance. The DFT is calculated via the fast Fourier transform (fr) Q(fr) @)
(FFT). In order to suppress the measurement noise, averaging
on the analysis results is also necessary. where A(fy) is the estimation ofi(f;). There are many pos-

sibilities to excite the system, a possible choice is the utiliza-
Resonator based observers were developed earlier to perfofigh of multisine excitation [3]. In this cas@(f}) is usually
the recursive discrete Fourier transform (RDFT) [4], [S]. Inknown in advance, an#(f;) is calculated by the DFT. If the
these observers the resonators work in a common feedbq@lﬁgth of the input sequence equals to the number of the DFT
loop providing zero steady-state feedback error at the resonat,%intS, the estimation is not distorted due to the leakage and
frequencies. The summed output of such resonators can ggRe picket fence effect. There are different averaging technics
erate any periodic signal up to the half of the sampling fregg requce the random noise corrupting the measurement. If the

quency. Itis straightforward to utilize such a generator — obgentification should follow the changes ity f), exponential
server pair for frequency domain non-parametric system ideRyeraging can be used.

tification: the system to be identified has to be in between the
generator and the observer and the ratio of the state variables®f The resonator based observer

the observer and the generator supplies the estimated transfer )
function. This arangement can be an alternative of the FFTLN€ resonator based observer was designed to follow the state

based analysis since it works as a filter bank and provides th@rables of the so-called conceptual signal model [5]. The

measurement results on-line. signal model is described as follows:
T
- . . Yn = CpXp 2
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Fig. 2. Theresonator based observer

fok=~fr, fo=0,k=~L...L (4)

where x,, isthe state vector of the signal model at time step n,
¥, IS its output (the input of the observer), c,, represents the
basis functions. Eq. (4) ensures that the model generates areal
signal. This restriction is not necessary, but advantegeous in
most cases. The conceptual signal model can be considered as
a summed output of resonators which can generate any multi-
sine with components up to the half of the sampling frequency.
The corresponding observer is (Fig. 2):

gn = [gnk] =7TrCnr  (5)

where %, is the estimated state vector, {ry; k =1..N; N =
2L + 1} are free parameters to set the poles of the system, and
the overbar denotes the complex conjugate operator. Due to
the complex exponentias, the channels of the observer can be
considered as time-invariant systems with a pole on the unit
circle. Thisiswhy they are called resonators. Each channel of
the observer is afilter output, the transfer functions of which
is:

Xny1 =X+ gn(yn - Cgin)Q

TkZk
Z—Zk

=1 z—z;

Hyi(z) k=1...N (6)

where {z; k£ = 1..N} are the resonator poles. If the res-
onator poles are arranged uniformly on the unit circle, and
{rr = 1/N; k = 1..N}, the observer has finite impulse re-
sponse, and the observer correspondsto the RDFT [5]. In that
case the transfer function (6) is very simple:

12VN-1
Hi(z) = —

-N
= k=1...N 7
No 5 )

the magnitude response of whichis:

sinaN(f — fx)
Nsinw(f — fr)

(8) has zeros at each resonator frequency, except when f = f,
where U (f) = 1.

Uk(F)] = | L k=1...N ®)

In practical applications where the fundamental frequency
changes, the resonators cannot be placed uniformly, and the
above setting of parameters r; does not provide finite im-
pulseresponse. The adaptive Fourier Analyzer described in [6]
adapts the resonator frequencies to coincide with those of
the input signal, avoiding the picket-fence effect and lesk-
age. It was successfully utilized e.g. in high-precision vector-
voltmeters [6] or in active noise control systems|[7].

I1l. RESONATOR BASED IDENTIFICATION
A. Theidentification system

The above described resonator based generator — observer pair
can be used for frequency domain non-parametric system iden-
tification as it is depicted in Fig. 3. The excitation is given by
the state vector of the generator (x() which does not change
whilethe identificationisin progress. The system to be identi-
fied (A(z)) hasto bein between the generator and the observer
and the ratio of the corresponding state variables of the ob-
server and the generator supply the results:

fl(fk):z—z,kzl...N )

Exponential averaging is an option of the structure, and it is
controlled by the parameter «. Itsroleis discussed in detail in
the following subsections.

Since the same basis functions c,, are applied both in the gen-
erator and the observer, no picket fence effect and leakage oc-
curs, even if finite wordlength effects are taken into consider-
ation. The operation of the method can be characterized by
noise suppression and measurement time. These are discussed
bel ow.

B. Identification over a uniform resonator set

The resonators are arranged uniformly on the unit circle, if
fi=1/N. If {rp =1/N; k =1..N}, the observer performs
the RDFT [5]. Itisthecasewhena = 1inFig. 3. Each channel
has an equival ent noise bandwidth of 1/ V. If the measurement
noise is white, the ratio of the variances are:

2
o1 1

—_—_ = — 1
03 N (10)

where o7 is the variance of the original measurement noise,
and o is the variance of the output. The system has finite
impulse response, and the measurement timeis V steps.

If 0 < @ < 1, the measurement results are exponentially aver-
aged. The equivalent time constant is:

B=1-(1-a)/N (11)
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Fig. 3. Resonator based identification

This averaging improves the noise suppression of (10) (see
e.g. [8]):
(12)

where 7 is the variance of the original measurement noise,
and o3 isthe variance of the averaged output. Sincethe system
has infinite impulse response, the measurement time depends
on the accuracy of the measurement:

N loge
log(1 - 5)

where ¢ denotes the final error to be achieved. Note that in
practical cases first 5 is determined upon the specification of
the identification task, and « is calculated by the inverse of
(11):

(13)

a=1-(1-p/Y (14)

C. ldentification over an arbitrary resonator set

In many practical cases the identification shall be done over
a non-uniform frequency set: e.g. acoustical measurements
require logarithmic frequency points. In these cases (7) and
(8) are no more valid, and the system has infinite impulse re-
sponse, even if a = 1. However, it remains that the &-th trans-
fer function has zeros at each resonator frequency, except when
f = fr, whereitisexactly 1. It meansthat the structureis able
to perform undistorted measurements, according to (9). Note
that the identification in this case does not require extra calcu-
lations compared to the uniform resonator set case.

The calculation of the noise suppression and the measurement
timeis generally very complicated, since each channel has dif-
ferent equivalent noise bandwidth. Fortunately, if 5 < 1, the
relevant transfer functions can be well approximated as fol-
lows:

TkZk
2—2k

= N —
TrZk TiZi
I+ Z—Zk + Ziil,i#k z—z;

~

Hk;(Z)
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Fig. 4. Magnitude response of one resonator channel with logarithmic
frequency set (3 = 0.01). Solid line: magnitude response of the
approximating structure; dashed line: magnitude response of the original
structure

TkZk

2—2k TkZk

~ =
TkZk
1 + Z—Z

Z_Zk(l_rk),kzl...N (15)

In this case the k-th channel can be approximated with another
resonator based observer output, which contains one resonator
only, at the frequency of fy, with r, = 8. The approxima
tion is good aong the frequency axis, with the exception of
the neighborhood of the original resonator positions, since the
approximating transfer function has no zeros at those places.
Thisis demonstrated in Fig. 4. The figure shows that the mag-
nitude response of the original and the associated structure are
close to each other. It aso implies that the equivalent noise
bandwidth is nearly the same for the two structures, so (12) is
agood estimation for the case of an arbitrary resonator set.

Dueto the Parseval’stheorem, the measurement time can be es-
timated by the corresponding transfer functions. The squared
error of the approximating transfer function (15) tends to zero
as 3 tends also to zero. Numerical simulations show that the er-
ror of the approximation can be omitted for 5 valuesfreguently
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Fig. 5. Result of the identification of a band-stop FIR filter.

used inthe practice (8 < 0.01). Thus (13) isagood estimation
also for the measurement time in the case of an arbitrary res-
onator set.

IV. MEASUREMENTS

In order to test the algorithm, a simple DSP program was writ-
ten. The proposed identification method was implemented on
an ADSP 2181 based EZ-KIT Lite development board [9].
(ADSP 2181 is a 16-hit fixed-point signa processor [10].) It
has two analog channelswith 16-bit delta—sigma A/D and D/A
converters. The sampling frequency can be set from 5.5125
kHzto 48 kHz, in several steps. The system to beidentified has
to be connected in between the D/A and the A/D converters.
The input variables of the program are: the multisine excita-
tion sequence (thus the number of the resonators), and the time
constant 3 for exponential averaging (see Section I11.). The
proposed identification is an on-line method, so the resolution
is limited by the computational complexity of the method. Up
to the sampling frequency of 8 kHz, the transfer function can
bemeasuredin 512 points. At the maximal sampling frequency
of 48 kHz, the measurement can be donein 64 points.

Now the proposed method isillustrated by the identification of
aband-stop filter. It isafiniteimpul se response (FIR) filter im-
plemented on ancther DSP board, with a sampling frequency
of 16 kHz. The measurement result can be seenin Fig. 5. The
transfer function is measured in 256 point, i.e. with a resolu-
tion of 62.5 Hz. Damping near to DC and 8 kHz are due to
the AC coupling and the delta—sigma A/D and D/A convert-
ers. The suppression in the stop band is about 50 dB, while the
specification is 60 dB. This difference is because of the 16-hit
wordlength.

The settling of the system can be seen in Fig. 6. The figure
showsthe feedback error of the structure (see Fig. 2) inthe case
of the above measurement, with a time constant of 5 = 0.005.
The settling can be considered complete if this error signal is

feedback error

0.8
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ms

Fig. 6. The settling of the resonator based structure in the case of time
constant 8 = 0.005.

zero. Although the settling of the system isexponential, the de-
cay is not continuous: the magnitude of the transient changes
only in every 16 ms (in every N = 256 steps), when it is mul-
tiplied by «. Inthe example a & 0.28, according to (14). This
settling is characteristic only when the resonators are arranged
uniformly.

V. CONCLUSION

A nonparametric identification method for linear systems was
introduced. The paper described the theoretical background of
the method and it was illustrated by a practical example. The
advantage of the proposed structure is that it works as a fil-
ter bank and provides the measurement results on-line, while
the feedback-based observer ensures high-precision measure-
ments. Theidentification can be performed over any frequency
set, e.g. over a logarithmic set. The computational demand
of the method depends only on the number of the frequency
points. The method is an aternative of the FFT-based analysis
where changesin a plant should be followed.
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